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Abstract

The electric potential at the center of a uniformly charged ring of radius R and total
charge ¢ equals the potential at distance R from a point charge q. The electric fields at
these two points, however, are completely different. We explain why a single value of the
potential carries no information about the field. We then compute the potential and field
of the ring along its symmetry axis and in its plane, in closed form using complete elliptic
integrals where necessary. Finally, we show that the center of the ring is a saddle point
of the potential and discuss the consequences for the stability of a test charge, including
Earnshaw’s theorem. We close by contrasting the ring with a spherical shell of the same
charge and radius, whose potential is constant throughout its interior.

Origin of this note. This note was inspired by a sudden realization of the lecturer, Sang
Hoon Lee, during his general physics lecture: the potential at the center of a uniformly charged
ring has exactly the same value as the potential at distance R from a point charge of the same
total charge. Shortly after the lecture came the second realization, which motivates most of
what follows: this equality of values alone does not provide enough information to derive the
electric field of the ring.

Throughout, k. = 1/4me, the ring lies in the xy-plane centered at the origin, p = /22 + 32
is the cylindrical radius, and z is the coordinate along the symmetry axis.

1 The observation: equal potentials

The potential of a point charge ¢ at distance R is
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For a continuous charge distribution, the potential is the scalar superposition
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At the center of the ring, every element dq’ sits at the same distance R, so the denominator
factors out:

ke keq

The equality does not depend on the ring being a ring. Any distribution of total charge ¢
whose every element lies at distance R from the observation point produces the same potential
there, including a spherical shell seen from its center.
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(a) point charge (b) charged ring

Figure 1: (a) The potential at distance R from a point charge. (b) The potential at the center of
a ring of radius R. Every charge element is equidistant from O, so the two potentials coincide.

2 Why this does not determine the field

The field is the negative gradient of the potential,
E=-VV. (4)

A gradient describes how V' changes in a neighborhood of a point, so a single value V' (ry) contains
no information about E(rg). Two functions can agree at a point and have arbitrarily different
derivatives there. In the present case,
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The second result follows at once from symmetry: contributions from diametrically opposite
elements cancel pairwise. The real content lies in how V and E wvary away from the center,
which we compute next.

3 Geometry

Figure 2: The ring in the xy-plane. From an axial point P all charge elements are equidistant.
From an in-plane point S they are not.



4 Profile along the axis

For P = (0,0, z) every element is at distance v R? 4+ 22, so Eq. (2) gives
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The field vanishes at the center, grows linearly for |z|] < R, and reaches its maximum where

dE,/dz = 0:
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For |z| > R, both expressions reduce to those of a point charge.
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5 Profile in the plane of the ring

For S = (p,0,0), the element at azimuth ¢ is at distance \/R2 + p? — 2Rpcos ¢, which now
depends on ¢:
keq [*™ de
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With the substitution ¢ = m — 26, one finds R% + p?> —2Rpcosp = (R + p)? (1 — k?sin? 9) with
modulus

(8)
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In terms of the complete elliptic integrals
w/2 do w/2
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the potential and field are
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The three regimes are as follows.

e Near the center (p < R): V = heq 1+ p—Q and F, ~ _k‘eqp. The field points
R 4R? g 2R3

mward.

e Near the wire (p — R): K(k) diverges logarithmically as & — 1. Locally the ring looks
like an infinite line charge with A = ¢/27R, so
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The field points away from the wire on both sides.

e Far away (p>> R): V — keq/p and E, — keq/p*.
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Figure 3: Potential and field of the ring along the axis (blue) and in the plane (red). The
dashed line marks the wire at p = R, where the in-plane quantities diverge. The dot marks the
maximum of E, at z = R/v/2.

6 Profiles compared

In Fig. 3, distances are in units of R, potentials in units of k.q/R, and fields in units of k.q/R>.
The in-plane curves were computed from Egs. (11)—(12) and cross-checked against direct nu-
merical integration of Eq. (2).

Both potentials start at k.q/R but curve in opposite directions: V' decreases along the axis
and increases in the plane. This is the saddle structure discussed next.

7 Local structure: a saddle point

Combining the small-distance expansions of Egs. (6) and (11),

Vip,2) ~ k;q (1 + 4’;; - ;;) = k];q <1 + W) . (13)
This satisfies Laplace’s equation, as it must in charge-free space:
VWV ai+l —1=0. (14)
Y
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The local field is -
E~ Vi (—z, —y, 22). (15)
8 Stability of a test charge
A test charge @ has potential energy U = QV. Near the center,
2 2
U~ ke}qu <1 + - 2;2> . (16)

Same sign (¢@ > 0). U has a minimum in the plane and a maximum along the axis. The
charge is pushed back toward O within the plane but expelled along z.
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Figure 4: The center of the ring is a saddle point. (a) Near O, V rises along x (red) and falls
along z (blue). (b) The field in the zz cross-section, where the ring appears as two dots at
x = £R. It points toward O in the plane and away from O along the axis.

Opposite sign (¢@Q < 0). The roles reverse. The charge is attracted to O along the axis but
pulled toward the wire by any in-plane displacement.

Overall instability. An equilibrium in three dimensions is stable only if it is restoring in
every direction. A generic perturbation has a component along the unstable direction, and that
component grows exponentially. The center is therefore unstable for either sign of (). This is
a special case of Earnshaw’s theorem: since V2V = 0 in charge-free space, V cannot have a
local minimum or maximum there, so no static arrangement of charges can stably trap a charge.

Constrained motion. If a constraint removes the unstable direction, the center becomes
stable, and small oscillations have angular frequencies

ke
wg = zmq}% (¢Q > 0, motion confined to the plane), (17)
w? = keal) (¢Q < 0, motion confined to the axis). (18)
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The relation w? = Qwﬁ reflects Laplace’s equation: the curvature along z balances the combined
curvature along = and y.

Evading Earnshaw. Practical ion traps exploit exactly this saddle geometry. A Paul trap
makes the saddle alternate its orientation with a radio-frequency voltage, producing net confine-
ment on average. A Penning trap keeps a static electric saddle and adds a strong axial magnetic
field to confine the particle in the unstable directions.

9 The spherical shell: the three-dimensional analogue

Spread the same charge ¢ uniformly over a spherical shell of radius R instead of a ring. The
potential at the center is again k.q/R, because every element is at distance R. Unlike the ring,
however, the shell is simple enough that the complete profile follows in a few lines, and the result
is far more intuitive.



9.1 Direct integration

Let the observation point P be at distance r from the center, and slice the shell into thin rings
coaxial with the line OP, as in Fig. 5(a). The ring at polar angle 6 carries charge dg = % sin 6 df,
and all of it is at the same distance

s> = R?> +r*> — 2Rrcosf = sds = Rrsinf db. (19)
The change of variables from 8 to s makes the integral elementary:
dg  keq [Tsin@dd  keq [FTT keq
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Hence .
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8q7 r > R’ 7'2 9 T > R.
r

Outside, the shell is indistinguishable from a point charge at its center. Inside, the potential
is constant, equal everywhere to its value at the center, and the field vanishes identically. The
same results follow in one line from Gauss’s law, since a spherical Gaussian surface inside the
shell encloses no charge.

The slicing makes the relation to the ring explicit: the shell is a superposition of rings. Each
individual ring produces a saddle-shaped potential, but when rings are stacked over the full
sphere, the curvatures cancel in every direction and the saddles flatten into a constant.

9.2 Why the field vanishes inside: Newton’s cone argument

There is a purely geometric reason for the vanishing interior field. From an interior point P,
draw a thin double cone of solid angle df2, as in Fig. 5(b). It cuts two patches from the shell, at
distances s; and so. Both patches meet the cone at the same angle «, because the chord through
P makes equal angles with the sphere at its two ends. Their areas are therefore s? dQ/ cos
and their charges are

s2dQ kedq;  keo dS)
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The two contributions are equal in magnitude and opposite in direction. The nearer patch is
closer, but it is proportionally smaller: the s growth of area exactly compensates the 1/s? decay
of the Coulomb field. Pairing up all such cones gives E = 0 at every interior point, not just at
the center.

The ring has no such compensation. It is a one-dimensional distribution, so the charge cut
from it by a thin wedge of opening angle dp through P grows only like s, not s2, and the field
contributions scale as 1/s. The nearer side of the ring wins. This is why the in-plane field of
the ring points away from the nearer part of the wire, that is, back toward the center.

9.3 Profiles and comparison with the ring

Figure 6 and Table 1 summarize the differences. The shell’s potential has no curvature inside at
all, so V2V = 0 is satisfied trivially rather than through the balance of opposite curvatures seen
for the ring. A test charge inside the shell feels no force anywhere: its equilibrium is neutral,
neither stable nor unstable. This is still consistent with Earnshaw’s theorem, which forbids a
strict minimum but not a flat potential.

The shell also sharpens the lesson of Sec. 2. The shell, the ring, and the point charge at
distance R all give the same potential at one point, yet their fields there are 0, 0, and k.q/R?,
and the shell and ring differ everywhere else. A single value of V' says nothing about the
configuration that produced it.



dq

dga
(a) Slicing the shell into coaxial rings (b) Newton’s double-cone argument

Figure 5: (a) Every point of the shaded ring at polar angle 6 is at the same distance s from P,
which reduces the shell to a one-variable integral. (b) The two patches cut by a thin double cone
through an interior point have charges proportional to s3 and s3, so their fields cancel exactly.
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Figure 6: The shell (solid black) compared with the ring (dashed, from Fig. 3). The shell’s
potential is flat inside and continuous at r = R. Its field jumps from 0 to k.q/R? = o /eg across
the surface, the standard discontinuity for a surface charge. The ring’s line charge instead
produces a divergence at the wire.

10 Summary

e At a single point, V' depends only on the distances to the charges. This is why the ring’s
central potential equals that of a point charge at distance R.

e E = —VV depends on how V varies near the point, so it cannot be deduced from one
value of V. To find E, compute V at a general point, differentiate, and only then evaluate.

e Along the axis, V and F, have elementary closed forms. In the plane, they require complete
elliptic integrals.

e The center of the ring is a saddle point of V. A test charge there is in unstable equilibrium
regardless of its sign, as Earnshaw’s theorem requires.

e A spherical shell of the same charge and radius gives the same central potential, but its
potential is constant throughout the interior and its field vanishes everywhere inside. Area



ring (1D charge) spherical shell (2D charge)

V' at center keq/R keq/R
E at center 0 0
E elsewhere inside nonzero 0 everywhere

L 2 1,2 _9,2
V near center saddle: ~<4 (1 + w—z) constant

4R?

behavior at the charge V, E diverge V' continuous, E jumps by o /e
equilibrium at center unstable (saddle) neutral
closed form elliptic integrals elementary

Table 1: The ring and the spherical shell of equal charge and radius.

growing as s?> compensates the 1/s? field exactly, a compensation that a one-dimensional
ring cannot provide.

A Field at a general point

For completeness, at (p, z) with k* = 4Rp/ [(R + p)* + 2?],

o 2keq K(k)

V=" R+ p2+t 22 (23)
B 2keq z E(k) (24)
T [(R=p)?+ 2R+ + 2
E,= keq K (k) + PR E(k)| . (25)
o/ (R+ p)? + 22 (R—p)*+2°

Setting p = 0 recovers Eq. (6), and setting z = 0 recovers Egs. (11)—(12).
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